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Abstract

In this paper, we investigate the nonlinear Klein—-Gordon equation on a metric star graph with
three semi-infinite bonds. At the branching point, we impose a weighted continuity condition and
a generalized weighted Kirchhoff condition for the derivatives of the wave function. By employ-
ing both analytical methods and numerical techniques, we construct exact and numerical soliton
solutions that satisfy the vertex conditions and conserve energy and momentum. The results of an-
alytic calculations are confirmed through numerical experiments, which demonstrate reflectionless
propagation of kink—antikink soliton solutions. We compute and analyze the reflection coeflicient,
study the impact of various nonlinearity parameters, and further extend the formulation to other

graph topologies, such as tree and loop graphs.
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I. INTRODUCTION

The nonlinear dynamics of solitary waves, which are commonly described by nonlinear
partial differential equations (PDEs), appear in many branches of science and engineering,
such as fluid dynamics, optics, plasma physics, and field theory, where they manifest as
localized, stable structures that propagate without changing shape. A classical mathematical
framework for understanding these phenomena is provided by integrable systems theory and

the inverse scattering transform, as developed in the pioneering works [1, 2.

Among nonlinear PDEs, the nonlinear Klein-Gordon (NLKG) equation represents a par-
ticularly important class. It arises naturally in the relativistic theory of scalar fields, where
it models the behavior of elementary particles, and in solid-state physics, where it describes
the propagation of dislocations in crystal lattices [3]. The equation has been studied from
various perspectives, including its exact soliton-like solutions obtained under separation of
variables [4], its analytical treatment in higher-dimensional settings [5], and investigations
into the integrability of specific forms of the equation [6]. One of the earliest numerical
studies of the NLKG equation was conducted in [7], where authors examined solitary wave
collisions in the context of nonlinear lattice equations, including discretized Klein—Gordon
systems. Their scheme employed a Taylor series-based discretization with time and space
steps k = h = 0.05, laying the foundation for numerical soliton simulations and collision
studies. Further developments focused on the construction of numerical methods that pre-
serve invariants of the continuous model, such as energy and momentum. In the Ref. [8] a
comparative analysis of four different finite-difference schemes applied to the NLKG equa-
tion, emphasizing their ability to conserve energy over long integration times and assessing
their stability and accuracy is provided. Invariant-preserving algorithms, formulating finite
difference methods that exactly conserve discrete analogs of the NLKG’s continuous invari-
ants are proposed in [9]. These schemes have since been widely adopted by researchers and

are commonly used as benchmark methods in the study of NLKG equation.

Despite the extensive study of the nonlinear Klein—-Gordon equation from various analyt-
ical and numerical perspectives, its formulation and analysis on branched structures remains
relatively unexplored. The nonlinear PDEs on the branched structures have attracted the
most interest in the last decades. This attention was caused by the possibility to obtain

the soliton solution of nonlinear partial differential equations such as nonlinear Schrédinger,



Dirac equations and its numerous applications in different branches of physics [10-16]. The
branched structures can be modeled by metric graphs. Metric graphs consist of two sets: the
set of V' vertices (points) and the set of B bonds (intervals) that connect pairs of vertices.
The topology of the graphs can be determined by the so-called adjacency matrix C' = (Cj;)
[17-19]:

1, if 7 and jare connected,

= ,7=1,2,...,V.
0, otherwise,

ij

Recent progress in the analysis of wave phenomena on metric graphs has led to several new
developments, including results on the stability of standing waves, the existence of breather
solutions, and the characterization of small-amplitude oscillations on such networks [20-24].
In this paper, we focus on one of the exact solutions of the nonlinear Klein-Gordon equation
with cubic nonlinearity and study its transmission through a vertex of a graph.

The paper is organized as follows. In the next section, we recall the nonlinear Klein—
Gordon equation and its kink and soliton solutions, with a focus on the case of cubic non-
linearity. Section 3 presents the formulation of the nonlinear Klein—-Gordon equation on a
metric star graph, including the derivation of appropriate vertex boundary conditions. In
Section 4, we analytically construct a kink soliton solution to the problem and establish a
sum rule that ensures reflectionless transmission. The obtained results are confirmed with

numerical experiments. Section 5 is devoted to extending the analysis to other graph topolo-

gies, such as tree and loop graphs. Finally, the last section provides concluding remarks.

II. THE NONLINEAR KLEIN-GORDON EQUATION

The nonlinear Klein-Gordon equation has attracted significant interest in mathematical
physics, serving as a fundamental model for describing scalar field dynamics in various
physical contexts, including quantum field theory, condensed matter physics, and cosmology.
This PDE extends the linear Klein-Gordon equation by including nonlinear terms, which
give rise to complex phenomena such as solitons, wave interactions, and energy localization.

In its general form, the equation is expressed as
O*u — O?u+ F'(u) =0 (1)
where 07 = 0?/0t*, 9> = 9?/0z* and F'(u) = dF(u)/du (derivative of a potential energy

F(u)) is a nonlinear function of u = wu(t,xz). The nonlinear term F’(u) introduces rich
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dynamical behaviors, making the equation a subject of extensive study in both theoretical
and computational frameworks. For example, a choice F’(u) = sin (u) gives the famous sine-
Gordon equation. Numerical simulations of the equation with various nonlinear potentials,
including the sine-Gordon and cubic forms have been carried out in [7].

Among the various nonlinearities, the cubic nonlinearity is of particular interest due to
its well-established theoretical foundation. In this context, the NLKG equation with cubic

nonlinearity can be written as [26]
Otu — a*du+ au — bu® = 0, (2)

where a,b € R, ab # 0. The nonlinearity here stems from the potential function F(u) =
2u? — bu*, which exhibits a double-well structure when a, b > 0.

The equation admits two principal types of traveling wave solutions derived via the ansatz
u(z,t) = U(§) with £ = u(xz — ct), where ¢ is the wave velocity and p the wave number.
Substitution yields an ordinary differential equation for U(¢), from which kink and soliton
solutions emerge, depending on the sign and magnitude of the parameters.

The kink solution is obtained using the tanh method [26] and given by

u(z,t) = \/%tanh { ﬁ(m —ct — xo)} , (3)

where ¢? — a? > 0, with 2 denoting the initial wave position.

On the other hand, the soliton solution, which is found by applying sech method [26]

u(z,t) = \/%sech [ ﬁ(gg et — 930)] , (4)

An important feature of this system is the conservation of energy and momentum. The

takes the form

where a® — ¢ > 0.

energy for the equation (2) (for z € D C R) is expressed as

1 b
E(t) = —/ {(Gtuf + a®(0u)? + au® — —u4} dz, (5)
2 /p 2
and the linear momentum is .
P(t) = / Oyu Oyu dz, (6)

which remain invariant for all ¢ > 0 under appropriate boundary conditions. This conserved

quantities are critical measures for both theoretical analysis and numerical accuracy.
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FIG. 1. The metric star graph

ITII. THE NONLINEAR KLEIN-GORDON EQUATION ON A STAR GRAPH

We consider a star graph shown in Fig. 1 with three bonds b; (j = 1,2,3), for which
coordinates z; are assigned. Choosing the origin of coordinates at the vertex, 0, for the
bond b; we put x; € (—00,0] and for by 3 we fix x93 € [0,400). In what follows, we use the
shorthand notation wu;(x) for u;(x;) where x is the coordinate on the bond j to which the

component u; refers. The NLKG equation on each bond b; of the star graph is written as
0fuj — Ozu; — uj + Byu; =0, B; > 0. (7)
To solve the problem one needs to define the vertex boundary conditions at the branched
point of the star graph. To this end, we derive physically acceptable boundary conditions
from conservation laws, such as energy conservation, which is defined as

E=) Ej, (8)

1

<

where E; are partial energies defined by Eq. (5) as

E; = %/b] {(@%’)2 + (Duu)® — uf + %“ﬂ dz. )

The energy conservation implies £ = 0, which results in nonlinear boundary conditions
given as

&Eulatul ‘sc:O = 8xu28tuQ|I:0 + 8331,&3815”3}1:0. (10)

To solve the Eq. (7) it is required two boundary conditions and at the same time the nonlinear

vertex boundary condition (10) must be fulfilled. The two boundary conditions that met

this requirement is the weighted continuity

041U1{$:0 = QUz| _ o = Q3U3| _,; (11)

5



and weighted current conservation conditions (considered also in [19])

(12)

1 1 1
a—l(%ul{x:o = a—Q&ch‘x:O + a_38zu3}z:0a

with a; # 0, j = 1,2, 3 being either all positive or all negative real constants. The boundary
conditions (11) and (12) comply with the condition (10), the proof of which is provided in
Appendix A.

Let us suppose that there exists a universal function g(z,t), independent of the bond,

and serves as a common solution for the star graph, which satisfies

a;u;(0,t) = g(0,1),

ajazuj(x,tﬂx:(] = wg(x,t)|m:0, (13)

for j = 1,2,3. Using these relations one can rewrite Eq. (12) as

11 1
— — Ug t = az 7t __az 7t )
L )., PG )| G ) ,eo
and what follows from this is
1 N 1
ai  af o

In particular, one can introduce the solution of Eq. (7) given on the star graph, in the form

uja,1) = (14)

1
ﬁcﬁ(l’, t),

where ¢ is [-independent universal solution, which satisfies the nonlinear Klein-Gordon
equation

02p—02p—p+¢* =0, —oc0 << +00.

Here, the functions ¢(z1,t) and ¢(xa3,t) are defined on (—oo, 0] and [0, 4+00), respectively.

Next, choosing the boundary conditions parameters as

a;=+/B;, (j=1,2,3),

one can rewrite Eqs. (13) as

VBiui|,_y = 6(0,1),
\/ﬁ_jaﬂcuj‘UC:O = al“(b(xv t)‘xzov



which leads to the following sum rule for the nonlineary coefficients
L1
B B B

Thus, the general solution (14), together with boundary conditions satisfying the con-

(15)

straint (15), ensures energy conservation on the star graph.

It should be noted, that though the results obtained regards the star graph with one
negative and two positive semi-infinite bonds, derivation of the sum rule (constraint in the
form (15)) can be readily extended to a star graph with one negative and N — 1 positive

semi-infinite bonds. In this more general case, the sum rule takes the form:

IV. PROPAGATION OF THE KINK SOLITON IN A STAR GRAPH

Referring to Eq. (3) in Section 2, the kink (antikink) soliton solution of NLKG equation

(7) on each bond b; of a metric star graph can be written as

1 x—1—ut
uj(x,t) = F—=tanh | —— | , 16
where [ is the center of the kink (antikink), v € (0;1) is its velocity. Fulfilling the vertex

boundary conditions (11)-(12) leads to the following constrains

D)

N R (17)
1 1 1
(18)

ar1v/Br N asy/Ba * agy/Bs’
where [; =1, v; =v, j =1,2,3.

From (17) and (18) for the reflectionless propagation of the kink soliton (16) of the Klein-
Gordon equation (7) on the star graph we obtain the sum rule for nonlinearity coefficients
as (15).

Let us perform a numerical experiment by choosing kink soliton solution as initial con-
dition and study its dynamics focusing on transition through the branching point (vertex).
For this, we use a Taylor series-based discretization (see, Appendix B). Consider the initial

set up with the kink centered at position [ = —5 (in the first bond b;) propagating with
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FIG. 2. Propagation of the kink soliton, the center of which is initially located at [ = —5 in the
first bond with velocity v = 0.9 for the three time moments a) t=0; b) t=>5; c¢) t=10. For the chosen

nonlinearity coefficients, g1 = 1.2, 5 = 2, 83 = 3 (the sum rule is satisfied), the kink propagates

without reflection through the vertex.

the velocity v = 0.9. The nonlinearity parameters chosen to satisfy the sum rule constraint
(15), with values 5y = 1.2, By = 2, 3 = 3. Figure 2 illustrates the kink dynamics up to
time ¢ = 10, under the described setup, demonstrating that the kink passes through the
vertex without any reflection. Accordingly, one can compute the time dependence of partial
energies, the sum of which (being the total energy) is expected to be conserved over time.
This is shown in Fig. 3, which confirms the expected behavior.

Now, it remains to demonstrate that when the nonlinearity coefficients do not satisfy
the sum rule, the kink dynamics exhibit reflection at the branching point. To this end, we
numerically solve the NLKG equation (7) using parameters that violate the sum rule —
specifically, we choose 5; = 0.5, B, = 2, and p3 = 3. Figure 4 illustrates the propagation of

the kink with the same initial conditions as in Fig. 2, but for the above set of nonlinearity
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FIG. 3. (Color online) The energies on the each bonds and the total energy
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FIG. 4. Propagation of the kink with the same initial conditions as in Fig. 2, but for the nonlinearity
coefficients 51 = 0.5, B2 = 2, 3 = 3 (the sum rule is not satisfied). The kink propagation is not

reflectionless anymore.



coefficients. It is evident from the figure that the kink propagation is no longer reflectionless.

While the plot in Fig. 2 above shows that the kink soliton propagates without reflection,
this observation can be further verified quantitatively by calculating the reflection coefficient
on the first bond. For this we turn to the time dependence of the linear momentum defined
in (6). For the considered star graph the total momentum can be derived analytically:

3

Po(t) = Pi(t) = Z /b OOy (19)

J=1

v 2 (1 1 1 1 1 1 1
= s\t t+5 )+t —5 — 5 tanh (¢(t)) — = tanh® t)},
2(1 — v?) [3 (51 B2 53) (51 B2 53) ( (90) 3 (9()
where P; are partial momentum related to each bond and
—l — vt
V2(1 = 02)

It is easy to see, that when the sum rule (15) for the nonlinearity coefficients of the sys-

g(t) =

tem is satisfied, the total momentum remains constant (time-independent), and is therefore

conserved:

P (t)‘ 4v
tot 1 1 1 = - .
671:372—"_@ 3/8]_ 2(1 - UQ)

The time dependence of the reflection coefficient can be defined as

R 10
R(t) B Ptot(t = O)

- : _ . (20)

In Fig. 5 the dependence of R on t is plotted as a function of ¢ for the cases when the sum
rule is satisfied with 5, = 1.2, f5 = 2, 3 = 3 and broken with 8; = 0.5, 5 = 2, 3 = 3. This
systematic analysis clearly demonstrates that the absence of reflection occurs only when the

sum rule is satisfied.

V. EXTENSIONS TO OTHER GRAPH TOPOLOGIES

In the preceding sections, our analysis was restricted to the star graph, which can be
regarded as a fundamental building block for more intricate graph topologies. Neverthe-
less, the proposed approach can be naturally extended to more complex configurations. To

demonstrate this, we consider its application to a tree graph, as illustrated in Fig. 6.
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FIG. 5. (Color online) Time dependence of the reflection coefficient for the cases when the sum

rule is satisfied (blue line) and broken (red line).

FIG. 6. A tree graph.

This tree graph can formally be viewed as comprising three hierarchical branching levels,
consisting of the bonds by ~ (—o00; 0], by; ~ [0; L;] and by;; ~ [0; +00), where 4, j = 1,2. The
nonlinear Klein-Gordon equation is given on the each bond e € {1, 1, 1ij} of the graph and

1s written as

OPue — O?ue — ue + Boud = 0. (21)
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FIG. 7. A loop graph

The following boundary conditions are imposed at the vertices:

041U1|x:0 = CV11U11|I:0 = 0412U12‘x:0;

1 1
- a’ﬂull’x:o + aﬂEul2|z:0‘
aqq Q19

04111011‘90:L1 = 04111“111{30:0 = CY112U112{$:0;
§ 1 1 1 (22)

—8xU11| = —(%Uln‘xzo + —azunz‘xzo-
Q11 Q112

a1 e=la

04121112‘36:132 = 04121“121|$:0 = 04122“122{$:0;

1 1
—8xU12|x_L = _8xu121‘m_0 + —81U122‘x_0-
\ (12 = g - Q122 =

The kink (antikink) soliton solution of equation (21) can be written as

1 T — Xge — UL
ue(z,t) = :F\/E tanh (W) : (23)

By fixing the initial position of the kink (antikink) center at [ one can define x. as o1 =
To11 = To12 = L To,111 = Zo,112 = [ — Ly, To,121 = Zo,122 = [ — Ly. Then, by requiring
that the boundary conditions (22) are satisfied, we obtain the following sum rules for the

nonlinearity coefficients

L_1 1
ﬁl 611 512’
S - (24)
511 5111 51127
111

= — 4+ —

Bz B Bz

Another topology, which is considered in this section is the loop graph plotted in Fig. 6.
It is composed of four bonds: by ~ (—00; 0], be, bs ~ [0; L] and by ~ [L;+00). On each bond
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of the loop graph the nonlinear Klein-Gordon equation can be written by (21) together with

the boundary conditions at the vertices given as

r
CYlul}:)::O = a2u2’z:0 - Oég’LLg‘x:O,

1 1 1
&—laxU1‘x:0 = a—26$U2‘$:0 + a_38xu3|x:0‘
(25)

= agug|,_; = aud

=L =0’

1 1 1
\Q/_Qamuﬂx:L + a_?)amu?)‘:c:L - Oé_48xu4}z:0'
The kink (antikink) soliton solution is given by Eq. (23), where zo1 = xo2 = %3 =

l, xo4 = | — L. Again, imposing the boundary conditions (25) one obtains the sum rule as

11,11
61_62 63_64'

Fulfilling the sum rules for the nonlinearity coefficients (24) and (26) ensures that Eq. (23)

(26)

is an exact solution of the NLKG equation (21), subject to the boundary conditions (22) and
(25) imposed for the tree and loop graphs, respectively. Moreover, under these constraints,
the propagation of the kink (or antikink) in the direction of increasing coordinates occurs

without reflection at the graph vertices.

VI. SUMMARY

In this paper, we studied the nonlinear Klein-Gordon equation on metric graphs, focus-
ing primarily on the star graph with three semi-infinite bonds. By imposing generalized
continuity and current conservation conditions at the branching point (vertex), we derived a
constraint for the nonlinearity coefficients in the form of a sum rule that ensures conservation
of total energy.

We began by deriving nonlinear boundary conditions directly from the energy conserva-
tion law. These boundary conditions yield weighted continuity of the wave function and a
Kirchhoff-type condition on its derivatives at the vertex. Under these conditions, we ob-
tained an exact soliton solution for the NLKG equation on the star graph and identified
a constraint — in the form of the sum of inverse nonlinearity coefficients — that ensures
reflectionless transmission through the vertex. We derived these conditions for a star graph

with three bonds, and the extension to the general case with N bonds follows directly.
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Using this soliton solution, we further demonstrated that the total momentum of the sys-
tem is conserved. The conservation of total energy was confirmed analytically, and the time
dependence of the reflection coefficient was computed. Our analysis shows that reflection at

the branching point is absent only when the sum rule is satisfied.

Finally, we extended our approach to more complex graph structures, including tree and
loop graphs, formulating corresponding boundary conditions and sum rules for the nonlin-

earity coefficients that ensure energy conservation and reflectionless soliton propagation.

APPENDIX
A. Derivation of nonlinear boundary conditions from linear ones

In this appendix we show that the nonlinear boundary conditions in Eq. (10) can be
derived from the two linear boundary conditions (11)-(12). By differentiating Eq. (11) with

respect to time, one obtains
alﬁtu1|w:0 = agatu2|x:0 = OégatU3|x:0.
Multiplying Eq. (12) to alatul‘mzo results in
1 1 1
a_laxul‘xzoalatullxzo - a_2613u2|x=0a18t“1‘x:0 + a_gaﬂfu?’|x=0alat“1‘x=0'

Using differentiated weighted continuity condition above, one obtains modified weighted

current conservation condition:

1 1 1
_8a:u1alatul|a::0 = _axu2|x:0a28tu2|a::0 + _axu3|x:0a36tu3|x:0a
a1 &%) a3

which results in the nonlinear boundary condition

Oy Opiy | z—p = OpUaOpin|z—o + OpUz0iUs|z—o-
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B. The numerical scheme for solving the NLKG equation on the metric star graph

with three semi-infinite bonds

Based on the numerical scheme proposed in [7], we use the following notations for the

restriction of u;(x,t) to a square mesh lattice:

ul, = uj(nh,mh),

1 1
vl = U <(n + é)h’ (m + §)h> ,

wjn = Owuj(nh,0).
Then from the Taylor series we have
0 0
o 1 h2 (u%n + ujﬂ’H-l

h
Uin = _(ug,n + u?m-ﬁ-l) + _(wj,n + wj,nJrl) - = 9

H,n=0,N—-1
5 1 3 )—i—O(h),n 0,

where F(g) = —%gz + %94, and subsequently we can find
4 2

m m m m h2 Umn +Umn71 =
Ujﬂj'l = —Uj, +vm +Uj,n—1 _ (%) + O(h4), n=1N—1.

Discretization of the boundary conditions (11) and (12) results in the following matrix

relation
m+1
Uy N
m-+1 _ A1
Ug,0 = A7B,
m+1
U3 0
a1 —Q9 0 0
where A= | oy 0 —a3 |,B= 0
1 1 1 1, m+l A ml 1, ml
[e%1 [e D) a3 a; 1,N—-1 as 2,1 az 3,1

Finally, we have

m+1 _ . m m+1 m+1
Vjn = = ~Vjp T Ujnpy T Ujy

2 m—+1 m+1
0 o [ Wi + Wi
4 2

) +O(h*), n=0,N —1.
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